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An optimal control problem is analyzed for a linear system of ordinary differ-
ential equations with random initial data and inhomogeneous terms, when the
control performance index is an integral quadratic functional, At each instant
the control parameter is chosen on the basis of an observation of the realized
values of a specified set of random parameters of the system. Explicit expres-
sions are derived for the optimal control functions and the results obtained are
compared with known earlier results,

l,Statement of the problem, We consider the controlled system

=AMz - BWut o)+ fE o). z0) =E (o) (1.1)
(x = col {z,, .. ., x,}, u(t, ) =col {u,{t, v), ...
o Uy (E, (x))})

where z is the system's state, u (£, @) is the vector-valued control function, It is
assumed that A (¢) and B (¢) are matrices of dimensions n X n andn X m,
respectively, with deterministic {i,e,, independent of the occurrence of « ) measur-
able components uniformly bounded on the control interval {0, T]. The random
initial data vector & (v) and the random vector-valued function f (¢, w) of in-
homogeneous terms are taken as specified on a complete probability space (2, F, P)
and satisfy the constraint

T

ME (0)E(0) - {7 (5, 0)/ (s, 0) dsf < o (L.2)

t

Here M is the symbol for integration with respect to measure P (the mean value)
and the prime denotes transposition,
As the loss functional we consider
T
1 ' . ,
Ju) =M 5 {2, (s, @) C(s) xy (s, ®) +u' (s, @) D (s)uls, w)lds (1.3)
0
where 1z, (s, @) is the solution of system (1,1), cormesponding to control u (s, ®).
It is assumed that € {s) is a symmetric nonnegative definite n X n matrix and
D (s) isasymmetric positive definite m X m matrix, The elements of matric-
es C(s), D (s) and D! (s) are nonrandom measurable functions bounded  for

s 10, 7.
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Optimal control of a dynamic system 665

We introduce the concept of the class U of admissible controls, By F, we
denote the minimal O -subalgebra of ¢ -algebra F, relative to which the random
vectors E (@) and f (s, o), s<t, are aggregate-measurable, The set {F,}
does not monotonically decrease with respect to parameter £, i.e., it forms a
stream of o -algebras, Let {E,} be an arbitrary substream of this stream (E, C

F,,te= [0, T]) and BE bethe @ -algebra of subsets of the product [0, 7T xQ,
the subsets being progressively measurable relative to flow {E,}. Further, let L,

(BE) be the Hilbert space of BE -measurable functions with the scalar product
T

(@ %) = M [ @' (s, ) D () (s, 0)ds

a

(L 4)

Then every element of space L, (BE) is called an admissible control, i, e, we set
U= L, (BE).

Let us explain the physical sense of the introduced definition: here the ¢ -algebra

E,; isinterpreted as a collection of the random events connected with the control

system, which can be observed up to the instant ¢; the requirement of BF-measur~
ability of control u (¢, ) signifies that the magnitude u, (®) of the admiss-
ible control at each instant ? is chosen with due regaid to the information on the
behavior of the system's random parameters, contained in ¢ -algebra E,.

In practice the collection of observable events can be specified, say, by indicat-
ing the set of observable random parameters of the system,

Et: G[Ei ((IJ), io== i],’ v ey il;fk ('57 (’J)vkm k17 (] .,kj,s&:? hy (t) C[Ov t”

In this case (see [1]) the E, -measurable random quantity u;{w) admits the
representation

ug (@) = g (5, (@), . . 0 & (005 fy, (-, @)y () @)
where g; (-) is some measurable (nonrandom) mapping of the space of "trajectories”
{ygo o ¥ 5 (), - -y 2z ()} into the space R™, visually demonstrating the ex-

plicit dependence of the control function on the observation results, Note that by
choosing the stream {E,;} we can specify the most diverse classes of control functions,
Thus, in the case of E; = {Q, Q} we obtain the class of deterministic controls (pro-
gram control); in that of E; = F, 4, 6 >> 0, we obtain control under lagging informa-
tion, etc,

The present paper is devoted to the problem of minimizing functional (1.3) on
the class I/ of admissible controls introduced above, Closely related problems were
studied earlier in a number of papers (see [2], for instance)onthe additional assump-
tion of process f having Markovian property.

2 Existence of the optimal control, Following[3], a
measurable random vector-valued function z, (#, ®) which almost surely satisfies
for each ¢ &= [0, T'] a system of integral equations corresponding to (1. 1) is called
a solution of system (1.1).

Lemma 1[3]. Under conditions of Sect. 1 system (1,1) with any admissible
control has a unique (to within modification) BF -measurable solution
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Tty ©) = Do () {E(@) + [ DS BG)u s, 0) + f(s. o)1ds] (2.1

where @, (¢) is the fundamental matrix of solutions of the homogeneous system
= A (H)r.

Lemma 2, Under the conditions of Sect, 1 the optimal element u°: J (u°)
< J (u), u &= U, exists in the class of admissible controls.

Proof, By(l.2)wehave; J (0)= ¢ < co. Consider the minimizing sequence
fup) C U uy =0,7 (wy) | infJ (w), u e U. From(L,3) and (1, 4) we have

g B = (g, ug) <V () e, E>1

Since a sphere of space L, (BE) is weakly compact, from sequence {u;} we can
separate a weakly convergent subsequence; u; — u® & L, (BE), Note that since
L, (BE) C L, (BF), the sequence (u;} is weakly convergent also in space L, (BF).
Therefore, from formula (2, 1) follows the weak convergence in L, (BF) of the sequ-
ence 7z, to zye. Since the integrand of functional (1.3) is 2 (downward) con-
vex function of its arguments, from the results in [4] it follows that functional J is
lower-semicontinuous relative to sequence {u;}

inf J(u) =1lim J (u;) > lim inf J (u;)) > J (v°)

uezll l—c -+

But on the other hand, since u° e U, then J (& > inf J (n).
uel)

3, Optimality criteria, Lemma 3. Foran admissible control
u® to be optimal, it is necessary and sufficient that it satisfies the following integral
minimum principle;
min H (u) = H (u°) 3.1
welU

H (W) = (90, &), @0 (8, ©) =D OB’ ()8, (¢, 0) + u”(t, ©)

T
0o (2, ©) = M {(@ (1) | @y’ (5)C(s) 2" (s, @)ds

E,}, ° = Zye

(M {n | E;} is the conditional mean value of random variable 7 relative to o -
algebra E).

Proof. The necessity of (3. 1) follows from the results in [5,6]. To prove the
sufficiency of this condition, we assume that u® e U satisfies (3. 1) and that u is
an arbitrary admissible control. We have

T
. (3.2)
2J (uy=M S [z, — 2% C(z, —2° + (u = u°) D (u —u)] ds 4
!

T
oM S [(2°)Cz, + (@) Du]ds — 27 (u°) = Jy + Ty — 27 (u°)
o
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By virtue of the properties of matrices ¢ and D wehave J; > 0, where the equal-
ity J;, =0 isachieved only under the condition that « (¢, w) = v° (¢, @) for al-
most all ¢ and . We transform J, by using (2,1) and (3, 1). Changing the order
of integration and allowing for the properties of the conditional mean value, we have

Jy=2M § (=) CD, [g + f @, (Bu + f) d’c] ds -2 (u°, u) =
1] 0

2 {M ? (2% C D, ( £+ Ss @Y dr) ds} +oM § (§ (=Y CD, ah‘) %
0 0 9 s

Dy Bu ds + 2 (u°, u) =2 {04} 3 2 (g, u) = 204 -+ 2H (u)
Analogously we obtain
27 (W) == a; + H (u°) (3.3)

Therefore, by virtue of (3,1) and (3.3), from (3.2) follows
(W) >0+ H @)+ 2(H W — H @) >2T )

o

which signifies the optimality of control ~ ©°. Note that by virtue of the remark made
above about the quantity J, , the assertion on the uniqueness of the optimal control
is also derived from this.

Lemma 4, Foranadmisible control u® to be optimal, it is necessary and
sufficient that the equality

@o (2, ©) =0 (3.4
be satisfied for almost all { and © .

Proof, The sufficiency of condition (3. 4) follows immtediately from the preced-
ing lemma, Now let u° & U be the optimal admissible control, Let us assume that
(3.4) is violated on a set of positive measure, i.e,, [P §>0. Weset uy =y,
where ¥ is a positive number. Using the admissibility of  u°, it is easy to verify the
admissibility of control ;. But then

H(w) = v 9o f < H (u)

when v < H ()| qo[2  which, because of (3, 1), contradicts the optimality of
control  u°.
We combine the results of Lemmas 1—4 in the following theorem,

Theorem, The optimal control problem posed in Sect, 1 has a unique solution,
The optimal control function (and only it) satisfies relation (3, 4) for almost all ¢
and ® -

4 Auxiliary results. The following propositions will be henceforth
repeatedly used,

Lemma 5, Letthe numerical functions 1, (¢, ®) and ™ (¢, T, ©); ¢,
<=0, 71 , » & Q, be measurable with respect to all variables relative to
the 0 -algebras B x F and B X B X F (B is the ¢ -algebra of Borel subsets
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of interval [0, T'l) and integrable with respect to (¢, ®) and (¢, T, ®), respect-
ively., Further, let {C;} be an ambitrary flow of o -subalgebras, complete  with
respect to measure P, of ¢g-algebra F . Then, a selection of variants of condit-
ional mean values exists such that a) the function 4 (£, ®) = M {n (¢, ) | C;}
is progressively measurable relative to flow {C,} and integrable with respect to the
variables (¢, »); and b) that
T T
M{[ ot v, 0)dv|C) = § M e, v, 0) | Cidr
0 4]
for almost all £ and
The lemma's proof follows directly from similar results in [1, 7],

Lemma 6, Let Y (¢, @) be a solution ( in the sense of Sect, 2) of the syst-
em of integral equations

Y (t) = alt, o)+ § P(5)Y (s)ds

where P (s) isan »n X n -matrix with measurable components uniformly bounded
on [0, T) and a (¢, ®) is a measurable random vector~valued function with integr-
able paths, Then :
Y (¢, o) = a(t, o) 4 ‘Y‘(t)ug‘ Y1) P(s)a(s, m)ds
0

almost certainly for each ¢ & [0, T], Here ¥ (#) is the fundamental matrix of
the system x = P (f)z.

The proof follows from the Cauchy formula if we take into account that Y =

K + o, where K is a solution of the system K’ = PK 4 Pa, K (0) = 0.

5, Construction of the optimal control., Weseek the
optimatl control in the form

u (t, ©) = —D71 (OB’ )G (OM {° (¢, ©) | E} + k¢, 0)] (5.1)

Here 2° (f, ®) is, as before, the solution of system (1.1), corresponding to control
u’® (¢, ©), while G (f) isan n X n -matrix with deterministic measurable com-
ponents uniformly bounded on [0, 7] and % (¢, ®) isa BE -rmeasurable integrable
vector-valued function, both unknown as yet, Substituing (5. 1) into formula (2.1),

we obtain
t

2°(t, @) = a(t, o) + 'YP(s)z°(s, o)ds
2(t, 0)= Do L () M (2°(t, 0)| Epy P ()= — Dy (t) T (2) G (£)Do(t)
T(t)y=B@)D () B (1), a(t,o)=M|t(w)— \ O Tr—1lds

]

Ey)

From this applying Lemma 6, we have
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t
£t 0)=alt, o) + ¥ (1) { ¥1s) P (s)als, 0)ds

Using this formula, we can establish that when s > ¢
M@ 0)|E) =Y ()Y 1@)e(t o)+ M B¢, s, 0)|E) (5.2)

Bt s, 0)=a(s, 0) = ¥ (s) ¥ () a(t, 0) + ¥ (5) | ¥1Pa dr
t

Since u° is the optimal control, by the theorem it satisfies relation (3. 4). Using
(5.2), from (3.4) we obtain

w(t, ©) = — D (1) B () 1 ()2 (1, 0) + L1 (¢, 0)] (5.3)

T
Iy (t) == (@' () § ©y (5)C (5) Do (5) ¥ (5)ds ¥ (1)
¢

T
Iy (t, 0) = (@5 (&) [ ©y' (5)C () Do (5) M (B (¢, 5, 0)| By ds
t

Comparing (5, 1) with (5. 3), we require the following equalities
I (1) = G (0)D, (t), I,(t 0) =h(t o) (5.4)

to be satisfied almost certainly for each ¢, Differentiating the first of these aqualit-
ies with respect to !, we obtain for the determination of G (¢) the known Riccati
matrix equation

G A {GA+ 4G —-GIG+C =0, G(T)=20 (5.9)
Under the conditions in Sect, 1, a symmetric nonnegative definite matrix serves as its
solution (see [1, 2], for example), Henceforth let G (¢) be everywhere the solution
of system (5.5), Using (5.2) and Lemma 5, we transform the second equation in
{5.4) to the equivalent

T
M{ja(Do’ ()G ()T (5) (s, ©) — f (5, W) ds + Do () h(t, )| E} = 0 -9

Let the measurable random vector-valued function 7 (t, ®) make the express-
sion in (5, 6)under the sign of the conditional mean value vanish(almost certainly foreach
t). Thenthe BE -measurable vector-valued function k (¢, w) = M {h, (¢,
w) | E;} (see Lemma 5) satisfies system (5,6). This can be proved by direct sub-
stitution into (5, 6) taking into account that when s > ¢

Mih(s, 0 |E}=M {r (s, ©) | £}

almost certainly, To determine function %, (¢, ) we obtain the differential equa-
tion system

by 4 (A" — GD)hy + Gf = 0, Py (T, ©) =0
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integrating which we find
T
A(t,w)y - M Q‘F{,(z) \ Wy () G (s) f(s. o)ds| E ) 5.7

{

Here ¥, (¢) is the fundamental matrix of system z = (GI' — A')x.

Repeating the preceding arguments, we can now establish that an admissible con-
trol satisfying relation (5,1), where G (¢) and h (¢, ) are the solutions of the
first and second systems in (5,4), respectively, satisfies relation (3,4) as well, i,e,,
it is optimal, Let us show that such a control indeed exists and let us find it in explicit
form, From(5,1) and (2.1) we have the equation for u°

wit,w)y=—DT () B'(1) iG(?)Qo (t) S D) B(s)u'(s, wyds +  (5.8)

v {, o))

¢

vt 0)=M {G) Do (1)[E () + § D1 (5)/ s, w)ds|| B} + Rt @)

0

Assume that O (£, ®) is a solution of the system
8 (1, ) = =T OIG @ (¢, ©) + v (2, 0)] (5.9)

¢

v (t, 0) = Do (t) { Do (5) 8 (s, ) ds
0

Then the function
u® (t, 0) = —D7 OB BIG @) (1, ®) + 7 (¢, o)

satisfies system (5, 8), as can be verified by direct substitution, We reduce system
(5. 9) to the equivalent

v — (A —TGu+Ty=0, v(0,0) =0

integrating which we determine the final expression for the optimal control

r

u (t, @) = D () B' (1) [G () 1o’ () \“\FO (TS, 0)ds—v(t, w)|  (5:10)

8, Examples, Letusconsider certain concrete ways of specifying the flow
{E:} of observable events,

Program control. Let E;={g,R}L In thiscase every admissible
control is, with probability one, independent of the event. The control is effected on
the basisof a priori information on the regulation system, From (5.7), (5.8)
and (5, 9) we have

t
Vit 0) =y (1) = C.1) D () M2+ | @571 (5) Mf () as ]+
o
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¥, (1) g Wo~1(s) G (s) M} (s) ds
t

t
W (2, ) = u® (t) = D-1(t) B’ (¢) [G ) (¥ (1))~ S W,? (5) T (s) 7 (s) ds — v (t)]
0

almost certainly.

Markov case, Letthe initial data be nonrandom: § (o) =&, but the
vector-valued function f (¢, o) be a Markov process satisfying the system of Itd's
stochastic differential equations

df = I{t, Hdt+m(t, fydw, F(0)="f (6.1)
where w (¢, ») is an n -dimensional Wiener process on (2, F, P),; bean n-dim-
ensional vector, m bean n X n-matrix, The functions U; (¢, ) and m;; (¢, ),
t = [0, T], z = R" are assumed to be such that the solution of system (6. 1) possesses
the transition probability density p (¢, z; s, y) satisfying Kolmogorov's inverse equa-
tion (see [3]). Let us consider the control method when the whole path of process f
is observed: E;=o0[f(s, @), s <. We have

Mif(s, )| E}=M{f (s, 0) | (¢, @)} = (6.2)
S zp(t, f (t, @) s, x)dz=a(s: t, f (¢, ®)
Rn

The function a(s;t,y) satisfies the equation (see [3] )

’ , da (6.3)
als ty) =y +\ VY5 T pd

t
3

1 , a ]
TTr Sm(f, y) m’ (%, y)jay—a(s, T, y)dt
t

(Tr stands for the trace of a matrix). We introduce the function

T
NEy=Y0 [V 0 6atit, yds
for which, according to (6.2) and (5, '7),t we have
Nt [ 0)="h( o) (6.4)
Using (6.3), we can show that this function satisfies the equation
N oN 1 , N
S FA =GN 4Vt y) 5-+5 TrmEym (t,y) 5 =0, N(T,y=0

Taking into account that the solution z° in the example being examined is consist-
ent with flow {E,}, from (5.1) and (6.4) we obtain the following convenient repres-
entation for the optimal control

w(t, @) =—D1()B'W)IG® 2°( o)+ N(t f(t o))

We note that this result was known earlier (see [2] ).
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Another representation for the optimal control can be obtained from (5, 10), if we

take into account that in this case

f
v, ©) =G () D, () {in S D) £ (s, o) ds} + N F{t, 0)

0

The author thanks V, L Plotnikov for discussions on the work,
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